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It is proved that if K is a convex body in euclidean n-space with volume V(K), 
and&) is the distance function of K, and t > 0 is such that V(N) = 2n-1, then 
given any real number a, there exists an integral point x for which either 
0) Ax + a) < t, or (ii) f(x) < t and x # 0. 
Several conclusions are drawn. For example, if Li(x), i = 1,2,3 are linear 
homogeneous forms in three variables with determinant 1 then given any three 
real numbers a, , a, , q , there exist integral values of the variables x such that 
either 
3 
(9 fi I L,(x) + a, I < 119, 
+#I 
(Abstract by A. C. Woods.) 
or (ii) fi I L?(x)/ < l/9 and x # 0. 
ldtl 
Let a lattice A be defined by the II homogeneous forms L, , L, ,..., L, 
in n variables u = (uI ,..., u,J with real coefficients and determinant unity. 
One attributes to Minkowski the 
CONJECTURE. Integer values of u exist such that 
where the a,.‘s are any real numbers. 
This has been proved only for n = 2,3,4. For n > 4, various estimates 
have been found for the minimum of the left hand side for integers U. 
Results of a very different type are also known. Thus, Schneider has 
proved 
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THEOREM 1. If the region 
I LWl < 1, (r = L..., 4, jl I &WI % n/2 (2) 
contains no point of the lattice A except x = (0) then the conjecture ho&. 
A proof is given by Lekkerkerker on p. 440 of his recent book, 
“Geometry of Numbers.” The proof, however, can be presented more 
simply as a particular case of 
THEOREM 2. Let a convex region K symmetrical about the origin be 
defined by the distance function inequality 
f(x> d e (3) 
of volume V(e) where e”V(1) = 2”-l. Then a lattice point satisfies either 
(i) f(x + a) < e, or (ii) f(x) < e and x # (0). (4) 
The proof is a simple application of the method of the additional 
variable apparently first introduced by me in 1937. The n + 1 dimen- 
sional region in x and t, 
f(x + at> < e, ItI (2 (9 
has volume 4e” V(1) = 2”+l, and so is satisfied either by a lattice point 
x # (0) when t = 0 or by a lattice point x when t = f 1. This gives 
the result since by symmetry we need consider only t = 1. 
For the proof of Theorem 1, it suffices to show that the region (2) 
has volume 2’+l, or by symmetry that the volume of the region 
0 < Y, < 1, (r = l,..., n), 
is Q. This region has the same volume as the region 
0 < Y, < 1, (r = I,..., n), 
as is obvious on replacing Y by 1 - Y. Together they make up the unit 
cube and so each has volume 4. 
Since the conditions in Theorem 1 exclude the second possibility in (4), 
a lattice point satisfies 
I L,(x) + a, I < 1, (r = I,..., 4, gl I L(x) + a, I d 42. 
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Then the arithmetic geometric mean gives 
-the required result. 
Another interesting application of the method which I have often given 
in Cambridge lectures some 25 years ago is to 
THEOREM 3. A lattice point satisfies either 
fi I L,(x) + a, I d n!/W or TQ I L,(x)1 < n!/W, x # (0). (6) 
74 
This follows similarly on considering the region R(e): 
jjl I L,(x)l < e 
of volume V(e) = 2”e”/rz! . 
A special interesting case arises when IZ = 3 giving the 
COROLLARY. A lattice point satisfies either 
fj I L,(x) + 4 I G l/9 or fi I LWl < l/9, x # (0). (7) 
T4 7s 
As it seems unlikely a priori that the first inequality can be satisfied 
for arbitrary a, we would expect that the second inequality holds. In fact, 
this is so, since Davenport has proved it except when the product is 
equivalent to the norm of a basis form in the cubic field of discriminant 49, 
when the l/9 must be replaced by l/7. It does not seem easy to prove this 
from (7) by trying to exclude the first possibility but it might lead to a 
simpler proof of Davenport’s theorem. This can be done when n = 2. 
The results for n = 4 are not so interesting. These are 
fi I L,(x) + a, I 6 W, or 4 I L,(x)1 < 3/64 and x # (0). 
The second inequality is not very sharp since Noordzigl has proved it 
when 3164 is replaced by 1/~‘!%0. 
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